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Let S be a set and let A be a subset of S. Further, let S a be a family 
of subsets of S, contained in the power set of S, subject only to the condition 
that the subsets of any set in 6: are also in 6 a. A set M in 6 a is called 
maximal if it is contained in no larger set in S:. 
Define the set ~ to be that subset of S ~~ consisting of those sets in 5~ 
which are subsets of A. 0 /= {B ~ 5" I B C A}. 
For B e 6g, we define two functions to the positive integers: 
f(B) (orft(B)) = number of maximal (or t element maximal) sets in S# 
whose intersection with A is B. 
g(B) (or g~(B)) = number of maximal (or t element maximal) sets 
in 6: which contain B. 
THEOREM 
(1) f(r = E ( -1)  g(B) 
BeG 
where I B I is the number of elements in B. 
PROOF: We use the principle of inclusion-exclusion [2]. Let M be any 
t element maximal set in 5". I f  M n A has k elements, then M is counted 
on the right side of (2) 
E ( -1)  = Z ( -1) ,  = a0.  
BcMr'~A i=O 
times. Equation (1) follows from (2) by summing over t. 
* Presently a Graduate Fellow of the Rockefeller University. 
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and 
(2) ft(~) = ~ (--1)IBI &(B) for every t 
B~0/ 
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This formula is useful when g(B)  is easily calculated. 
EXAMPLE 1. Let S consist of  the n ~ positions of  an n • n matrix 
of  O's and l 's and let A be the set of positions of  the matrix with 0 entries. 
The set 5e is defined by placing a set of  positions into 5e if no two of the 
positions lie on the same row or column of the matrix. 
In this case g(B) is a function of I B I and is equal to (n --  I B I)!. 
Hence 
f ( r  = ~ (--~l)l"l(n -- I B I)! 
Be~ 
is the number of permutation matrices discordant with A, which is also 
the permanent of the matrix. 
EXAMPLE 2. Let S be the power set of an n element set N, and let A be 
any subset of  S. The set 6 a is defined by placing a set of subsets of N 
into 6 ~ if they are pairwise disjoint. 
In this case, gt(B) is a function both of I B[ and of Y~b~B ] b 1, which 
we shall call r(B) (the rank of  B). In fact, 
gt(B) = S(n - -  r(B), t --  [ B [), 
where S(i, j )  is a Stirling number of the second kind [1]. 
Then 
A(~) = ~ (--1)IBI S(n - -  r(B),  t - -  [ B 1) 
Be~ 
is the number of  partitions of  the set N into t blocks with no block a 
member of  A. 
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